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[ntroduction

The Analysis of Matter 1s the product of thirty years of thinking.
When Russell finished his second book, An Essay on the
Foundations of Geometry (1897), he turned his attention to the
problem of the philosophical foundations of physics, which he
usually referred to as “the problem of matter” or “matter” for
short. At that time he had not yet ffi:_@“jed himselt from the neo-
Hegelianism he had been taught at Cémbridge, so his first etforts
were squeezed 1nto that philosophical position. When he pub-
lished a sample of them in My Philosophical Development
(1959), he judged them harshly: “On re-reading what [ wrote
about the philosophy of physics 1n the years 1896 to 1898, 1t
seems to me complete nonsense, and I find 1t hard to imagine
how [ can ever have thought otherwise.” But not all of his
thinking on the problem of matter was crippled by his philo-
sophical position, for he was a trained mathematician and had
read widely 1n scientific textbooks. Examining the problem from
the point of view of a scientist he concluded that he could make
no progress on the problem of matter until mathematics had a
firm foimdation, so he resolved to solve that set of problems first,
confident that it would take him only a very few years. In 1903 he
offered the public a preliminary account in The Principles of
Mathematics, but even betore the book was published he realized
that there was much more to be done betore his theory could be
regarded as satistactory. His readers were informed in the
Pretace that Altfred North Whitehead and he had agreed to join
forces to develop his theory that much of mathematics 1s a
branch of logic 1n all the required detail, and he promised a
second volume of his book which would do just that. The task,
however, proved more difficult and took much longer than they
had anticipated. The first volume of their joint effort, which had



taken on a hife of 1ts own as Principia Mathiematica, was not
published until 1910, and it took another three years before the
second and third volumes were published. By this time Russell
was glad to turn his attention to other projects.

As the fatigue he felt began to recede, he resurrected the
problem of matter as his next big project. He now felt much
more confident of success than he had fifteen years earler.

The success of Principia was one source of confidence; the
other was the great array of logical tools that now lay to
hand, ready to be put to use. His love letters to Lady Ottoline
Morrell during this period make frequent reference to the
problem of matter and to his plans for solving 1t. Principia
deals only with the a prion parts of mathematics and provides
an axiomatization of these parts using only the notation of
symbolic logic. Every subject, Russell believed, had an a
prior1 part, which 1t was the proper task ot the philosopher,
especially one trained in mathematical logic, to study and to
systematize. ““I'he sort of thing that interests me now 1s this:” he
wrote to her on 30 October 1912, “some of our knowledge comes
from sense, some comes otherwise; what comes otherwise 1s
called ‘a priori’. Most actual knowledge 1s a mixture of both.
The analysis of a piece of actual knowledge 1nto pure sense and
pure a priort 18 often very difficult, but almost always very
important: the pure a priort, like the pure metal, 1s infinitely
more potent and beautiful than the ore from which it was
extracted.”

His grand aim was to distil from physics 1ts a priori part and to
axiomatize 1t; having done that, he would then attempt to define
its central concepts 1n terms of the symbols of mathematical
logic. This 1s what Whitehead and he had done for arithmetic and
some other parts of mathematics. Peano’s axioms for arithmetic
contained three non-logical concepts, namely, zero, number and
successor. These concepts were given logical definitions 1n



Principia Mathematica, and Peano’s five axioms were proved as
theorems from a set of purely logical axioms.

Russell thought that a careful study of mechanics and electro-
dynamics would lead to the discovery of their central, primitive
concepts — those that were not definable 1n terms of other
physical concepts — and also to their logical relations with one
another. Using mathematical logic, he would then attempt to
discover logical constructions which had all of the properties
physicists expected the denotata of,._'their concepts to have.
Because of this 1dentity of properties, his logical constructions
could be used to define the concepts themselves, and statements
using the concepts could be translated into statements involving
only logical constructions and logical connectives, and these
transformed statements would find their proper place as proved
theorems 1n a branch ot Principia devoted to a priori physics. It
was a grand conception, and, 1f 1t could be realized, a worthy
successor to Principia Mathematica. But difficulties soon arose.
He discovered that two of the concepts central to physics, sensa-
tion and causality, did not easily yield to analysis. Sensation
raised the whole question of our knowledge of the external
world. When this realization dawned upon him, he reluctantly
concluded that the problem of matter would have to be set aside
once more while he tackled a more basic set of philosophical
problems. In 1913 he spent nearly the whole year on the problem
of knowledge. During May and June he wrote a large part of a
big book on Theory of Knowledge, which he abandoned in June
of that year because of Wittgenstein's attack on 1t. That book
was published for the first time 1n 1984 as Volume 7 of The
Collected Papers of Bertrand Russell. In September and October
of 1913 he wrote Our Knowledge of the External World (1914).

When 1t was finished he felt ready to tackle afresh the problem of
matter, using the new 1deas he had developed 1n the book. But
the outbreak of the First World War turned his attention



abruptly to anti-war work and 1t was not until it was nearly over
that he took up philosophy again.

‘Towards the end of the war he gave a set of lectures on logical
atomism to a paying audience in London. These lectures have
recently been republished in Volume 8 of The Collected Papers
(1986). In the course of these lectures he provided his audience
with an extensive discussion of the neutral monism of William
James. Russell first studied this theory in 1913 when he reviewed
James’s Essays in Radical Empiricism. In outline, James held
that everything 1n the world was composed only of experience:
mind was experience organized according to psychological laws;
and matter was the same experience ordered by physical laws.
Russell found the reductionist aspect of this theory attractive,
because 1t conformed to Occam’s razor, which demands that
entities ought not to be multiplied unnecessarily, and 1t provided
fertile soil for the use of the tools and techniques of mathemat-
1cal logic. He was not, however, persuaded that all mental
entities — his favourite counter-examples were mental images —
also had a place in the physical world, which according to the
theory they must have. During the war years and throughout
these lectures, Russell both expounded and criticized James’s
neutral monism. Reviewing all that he had to say about the
theory 1n historical order clearly shows that its logical appeal was

gradually winning out over its alleged metaphysical deficiencies.
By 1921 when he published The Analysis of Mind he had

accepted nearly all of James’s view, but he still doubted that it
could adequately account for images. In this book he attempts to
define the central mental concepts using events rather than ex-
perience as his basic stuff; his technique 1s the same, to provide
logical constructions which have the properties that psychologists
expect the denotata of the mental concepts to have. Because this
book was written to be delivered as lectures the logical construc-
tions are sketched rather than laid out 1n detail as they were for



the arithmetical concepts in Principia Mathematica. During the
1920s he gradually convinced himself that his earlier objections

to James were without foundation, and he began to call himself 2
neutral monist. As already mentioned, his monism consisted 10
admitting only events as the fundamental building blocks of the
universe. Events themselves were neutral as between mind and
matter: mental and material entities differed from one another
by the laws by which they were organized out of events. An
added attraction of this view is.that it dispensed with the
Cartesian problem of the interaction of mind and body. Having a
metaphysical programme which promised success, Russell was
ready once again to think about the problem of matter.

Another obstacle, however, had to be dealt with before he was
ready. When he had turned his attention to the problem of
matter after the success of Principia, he was not familiar with the
latest developments in physics, namely, the theory of relativity
and quantum mechanics. His intention then was to provide
foundations for classical mechanics and electro-dynamics. After
the spectacular confirmation of Einstein’s theory by Arthur S.
Eddington and others 1in Brazil on 29 May 1919, when 1t was
shown that the sun did displace the light of stars passing through
1ts vicinity just as Einstein had predicted, it was the new physics
which required foundations. This new work required very careful
study and Russell devoted much time to it over several years. His
aim was to understand it, not to make original contributions to 1t.
By the early 1920s he felt sufficiently at home 1n 1t to. begin
writing popular accounts of it for talks and for publication. He

felt confident enough of his ability to expound the new physics
that he accepted an invitation to write two books about it. 7he
ABC of Atoms (1923) and The ABC of Relativity (1925) were
praised by critics for their clarity and accuracy, and for the
excellent use ot explanatory analogies and homely examples,
strong points 1n all of Russell’s writings. These books were very



widely read, the first went through four impressions, the second,
five. So when the invitation came from his old Coliege to deliver
the Tarner Lectures, he was ready to take on at long last the
analysis of matter. The invitation was especially welcome, since
it was Trinity College, Cambridge, which had sacked him from
his job as lecturer during the First World War. The 1nvitation to
deliver these important lectures thus served as a signal to the
world at large that an errant and very famous son had been
forgiven his trespasses.

The Analysis of Marter does not present the reader with the
sort of grand axiomatization of physics, or even a part of 1t, that
his earlier conception of his project had suggested was possible.
The stunning new developments 1n physics earlier 1n the century
had thoroughly stirred the pot. and when he wrote the book,
quantum theory was just being developed. So the book is con-
cerned with preliminary analyses of concepts and the problems
which are central to a philosophical understanding of physics.
With regard to the concept of matter itselt, he argues that it can
be replaced by a logical construction whose basic building blocks
are events. He 1s careful to point out that this does not prove that
matter, or “substance” as he also calls 1t, does not exist, but it
does show that physicists can get on with their work without
assuming that matter does exist. Indeed, were they to assert the
existence of matter, they would be going beyond the evidence
available to them. The fundamental bits of “matter” — electrons,
protons, etc. —are sumply groups of events connected 1n a certain
way; when these constructions are studied 1t 1s found that their
properties are all that are required for physics. Electrons and
protons may exist as “things,” but, according to Russell, 1t 1s
“absolutely impossible to obtain any evidence for or against this
possibility”™ (247), hence, by Occam’s razor, it must be aban-
doned. Otherwise, a metaphysical muddle 1s gratuitously
injected 1nto the very heart of physics.

John G. Slater
Lintversity of Toronto
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PREFACE

THE attempt to discover the philosophical outcome of modern
physics 1s one which, at the present moment, 1s beset with
great difficulties. For, while the theory of relativity has
achieved, at least temporarily, a stable form, the theory of
quanta and of atomic structure-is developing with such
rapidity that it i1s impossible to guess what form it will take
a few years hence. In these circumstances, it is necessary to
exercise judgment as to the parts of the theory which are
defimtively established and the parts which are likely to be
modified in the near future. Ior one who, like the present
author, 1s not a professional physicist, the exercise of such
judgment 1s difficult, and is likely to be occasionally at fault.
The subject of the relation of “ matter ’* to what exasts, and
generally of the interpretation of physics in terms of what
exists, 1s, however, not one of physics alone. Psychology,
physiology, mathematicallogic,and philosophy areall required,
in addition to physics, for the adequate discussion of the theme
with which this volume deals. Consequently certain short-
comings on the part of a single author, however regrettable
they may be, are perhaps scarcely avoidable.

I am indebted to Mr R. H. Fowler, F.R.S., Mr M. H. A.
Newman of St. John's College, Cambridge, and Mr F. P.
Ramsey of King's College, Cambridge, for valuable help in
regard to certain portions of the work; also to Dr D. M.
Wrinch for kindly reading the whole in typescript and supply-
ing many valuable criticisms and suggestions.

Certain portions of the book were delivered as the Tarner
Lecturesin Trinity College, Cambridge, during the Michaelmas
Term, 1926. The book was, however, 1n preparation before



PREFACE

the invitation to give these lectures was received, and contains

a good deal of material for which there seemed no place in
the lectures.

Since the purpose of the book is philosophical, it has been
my erdeavour to avoid physical and mathematical technicali-
ties as far as possible. Some modern doctrines, however,

perhaps because they are still recent, I have not succeeded in
translating into non-mathematical language. In regard to

them, I must beg the indulgence of the non-mathematical

reader if he finds too many symbols, and of the mathematical

reader 1f he finds too few.
B. R.

Januayy, 1927.
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CHAPTER 1

THE NATURE OF THE PROBLEM

APART from pure mathematics, the most advanced of the
sciences is physics. Certain parts-of theoretical physics have
reached the point which makes i1t possible to exhibit a logical
chain from certain assumed premisses to consequences appar-
ently very remote, by means of purely mathematical deduc-
tions. This 1s true especially of everything that belongs to

the general theory of relativity. Itcannot besaidthat physics
as a whole has yet reached this stage, since quantum pheno-

mena, and the existence of electrons and protons, remain, for
the moment, brute facts. But perhaps this state of affairs
will not last long; 1t 1s not chimerical to hope that a unified
treatment of the whole of physics may be possible before many
years have passed.

In spite, however, of the extraordinary successes of physics
considered as a science, the philosophical outcome 1s much less
clear than it seemed to be when less was known. The purpose
of the present chapter 1s to discuss what 1s meant by the

““ philosophical outcome ” of physics, and what methods exist
for determining 1ts nature.

There are three kinds of questions which we may ask
concerming physics or, indeed, concerning any science. The
first is: What is its logical structure, considered as a deductive
system ¢ What ways exist of defining the entities of physics
and deducing the propositions from an initial apparatus of
entities and propositions / This 1s a problem 1n pure mathe-

matics, for which, 1n 1ts fundamental portions, mathematical
I



2 THE NATURE OF THE PROBLEM

logicis the proper instrument. Itis not quite correct to speak,
as we did just now, of “‘initial entities and propositions.’
What we really have to begin with, in this treatment, is hypo-
theses containing variables. In geometry, this procedure has
become familiar. Instead of ‘‘ axioms,” supposed to be
“ true,” wehavethe hypothesis that a set of entities (otherwise
undefined) has certain enumerated properties. We proceed
to prove that such a set of entities has the properties which

constitute the propositions of Euclidean geometry, or of
whatever other geometry may be occupying our attention.
Generally it will be possible to choose many different sets of
initial hypotheses which will all yield the same body of proposi-
tions; the choice between these sets is logically irrelevant, and
can be guided only by asthetic considerations. There 1s,
however, considerable utility 1n the discovery of a few simple
hypotheses which will yield the whole of some deductive
System, since 1t enables us to know what tests are necessary

and sufficient 1n deciding whether some given set of
entities satisfies the deductive system. Moreover, the word
“ entities,”” which we have been using, 1s too narrow 1f used
with any metaphysical implication. The * entities’ con-
cerned may, 1n a given application of a deductive system,
be complicated logical structures. Of this we have examples
In pure mathematics 1n the definitions of cardinal numbers,
ratios, real numbers, etc. We must be prepared for the
possibility of a similar result 1n physics, 1n the definition of a
" point "’ of space-time, and-evenin the definition of an electron
Oor a proton.

The logical analysis of a deductive system 1s not such a
definite and limited undertaking as it appears at first sight.
This 1s due to the circumstance just mentioned—namely, that
what we took at first as primitive entities may be replaced by

complicated logical structures. As this circumstance has an

important bearing upon the philosophy of physics, it will be
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worth while to 1illustrate its effect by examples from other

helds.
One of the best examples 1s the theory of finite integers.

Weierstrass and others had shown that the whole of analysis
was reducible to propositionsabout finite integers, when Peano

showed that these propositions were all deducible from five
initial propositions involving three undefined ideas.* The
five initial propositions might be regarded as assigning certain
properties to the group of three undefined 1deas, the proper-
ties in question being of a logical, riot specifically arithmetical,
character. What was proved by Peano was this: Given any
triad having the five properties 1n question, every proposition
of arithmetic and analysis 1s true of this triad, provided the
interpretation appropriate to this triad 1s adopted. But it
appeared further that there 1s one such triad corresponding to
each inﬁnite Series Xy, %,, X3, - - - %a, . . ., 1N Which there 1s
just one term corresponding to each finiteinteger. Such series
can be defined without mentioning integers. Any such series
could be taken, instead of the series of finite integers, as the
basis of arithmetic and analysis. Every proposition of arith-
metic and analysis will remain true for any such series, but for
each series 1t will be a different proposition from what 1t 1s
for any other series.

Take, 1n 1]llustration, some simple proposition of arithmetic,
say: ** The sum of the first » odd numbers is #2.”” Suppose we
wish to interpret this proposition as applying to the progres-

SION Xy, %y, X, - . - X In this progression, let R be the

n °

relation of each term to its successor. Then ** odd numbers *’
will mean *‘ terms having to »; a relation which 1s a power of
R2”’ where R? is the relation of an x to the next x but one.§
We can now define R%» as meaning that power of R which

relates x, to x,, and we can further define x,, +x, as meaning

* On this subject, cf. Principles of Mathematics, chap. xiv.
1 The definition of powers of a relation, in a form not involving
numbers, is set forth in Principia Mathematica, ¥91.



4 THE NATURE OF THE PROBLEM

that x to which x,, has the relation R%. This decides the
interpretation of ** the sum of the first » odd numbers.” To
define »?, 1t will be best to define multiplication. We have
defined R%; consider the relation formed by the relative
product of the converse of R together with R*s. This relation
relates x, to x,; 1ts square relates x, to x,,; 1ts cube relates
x, to x,,, etc. Any power of this relation can be shown to
be equivalent to a certain power of the converse of R multiplied
relatively by a certain power of R%. There 1s thus one power
of this relation which 1s equivalent to moving backward from
x, t0o x5, and then forward; the term to which the forward
movement takes us 1s defined as x,, x x,. Thus we can now
interpret x,*. It will be found that the proposition from
which we started 1s true with this interpretation.

It follows from the above that, 1f we start from Peano’s
undefined 1deas and 1nitial propositions, arithmetic and analysis
are not concerned with definite logical objects called numbers,

but with the terms of any progression. We may call the terms
of any progression o, 1, 2, 3, . . ., In which case, with a suitable

Interpretation of + and x, all the propositions of arithmetic
will be true of these terms. Thus o, 1, 2, 3, ..., become
““ variables.”” To make them constants, we must choose
some one definite progression ; the natural one to choose 1s the
progression of finite cardinal numbers as defined by Frege.
What were, in Peano's methods, primitive termms are thus
replaced by logical structures, concerning which 1t 1s necessary

to prove that they satisiy Peano’s five primitive propositions.
This process 1s essential 1in connecting arithmetic with pure
logic. We shall find that a process similar in some respects,
though very different 1n others, 1s required for connecting
physics with perception.

‘The general process of which the above 1s an i1nstance will
be called the process of ‘‘interpretation.” It frequently
happens that we have a deductive mathematical system,
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starting from hypotheses concerning undefined objects, and
that we have reason to believe that there are objects fulfilling
these hypotheses, although, initially, we are unable to point out
any such objects with certainty. Usually, in such cases,
although many different sets of objects are abstractly-avail-
able as fulfilling the hypotheses, there 1s one such set which is
much more important than the others. In the above instance,
this set was the cardinal numbers. The substitution of such
a set for the undefined objects is ‘‘ interpretation.” This
process is essential in discovering’the philosophical import of
physics.

The difference between an important and an unimportant
interpretation may be made clear by the case of geometry.
Any geometry, Euclidean or non-Euclidean, in which every
point has co-ordinates which are real numbers, can be inter-
preted as applying to a system of sets of real numbers—z.e.
a point can be taken to be the series of its co-ordinates. This
interpretation 1s legitimate, and 1s convenient when we are
studying geometry as a branch of pure mathematics. But 1t
1s not the mportant interpretation. Geometry is important,
unlhike arithmetic and analysis, because 1t can be interpreted
so as to be part of applied mathematics—in fact, so as to be
part of physics. It 1s this interpretation which 1s the really
interesting one, and we cannot therefore rest content with the

interpretation which makes geometry part of the study of real

numbers, and so, ultimately, part of the study of finite integers.
Geometry, as we shall consider it in the present work, will be

alwaystreated as part of physics, and will be regarded as dealing
with objects which are not either mere varables or definable
in purely logical terms. We shall not regard a geometry
as satisfactorily interpreted until its 1mtial objects have been
defined 1n terms of entities forming part of the empirical
world, as opposed to the world of logical necessity. It 1s, of
course, possible, and even likely, that various different geo-
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metries, which would be incompatible i1f applied to the same set
of objects, may all be applicable to the empirical world by
means of different interpretations.

So far, we have been considering the logical analysis of
Physics, which will form the topic of Part I. But in relation
totheinterpretation of geometry we havealready been brought
Into contact with a very different problem—namely, that of
the application of physics to the empirical world. This s, of
course, the vital problem: although physics can be pursued as

pure mathematics, 1t 1s not as pure imathematics that physics
~1s important. What is to be said about the logical analysis

Of physics is therefore only a necessary preliminary to our
main theme. The laws of physics are believed to be at least
approximately true, although they are not logically necessary;
the evidence for them 1s empirical. All empirical evidence
Consists, in the last analysis, of perceptions; thus the world of
Physics must be, 1n some sense, continuous with the world of
our perceptions, since 1t1s the latter which supplies the evidence
for the laws of physics. In the time of Galileo, this fact did
not seem to raise any very difficult problems, since the world

of physics had not yet become so abstract and remote as
Subsequent research has made it. But already in the philo-

sophy of Descartes the modern problem 1s implicit, and with
Berkeley 1t becomes explicit. The problem arises because the
world of physics 1s, prima facte, so different from the world of
perception that it 1s difficult to see how the one can afford
evidencefor the other; moreover, physics and physiology them-
selves seem to give grounds for supposing that perception
cannot give very accurate inforrnation as to the external world,
and thus weaken the props upon which they are built.

This difficulty has led, especially in the works of Dr White-
head, to a new interpretation of physics, which is to make the
world of matter less remote from the world of our experience.
The principles which inspire Dr Whitehead’s work appear to
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me essential to a night solution of the problem, although in
the detail I should sometimes incline to a somewhat more con-
servative attitude. We may state the problem abstractly
as follows:

The evidence for the truth of physics 1s that perceptions
occur as the laws of physics would lead us to expect—e.g. we
see an eclipse when the astronomers say there will be an eclipse.
But physics itself never says anything about perceptions;
1t does not say that we shall see an eclipse, but says something

about the sun and moon. The passage from what physics
asserts to the expected perception 1s left vague and casual; 1t

has none of the mathematical precision belonging to physics
itself. We must therefore find an interpretation of physics
which gives a due place to perceptions;1f not, we have no right
to appeal to the empirical evidence.

This problem has two parts: to assimilate the physical world
to the world of perceptions, and to assimilate the world of

perceptions to the physical world. Physics must be inter-
preted in a way which tends towards 1dealism, and perception

1in a way which tends towards materialism. I believe that
matteris less material, and mind less mental, than 1s commonly
supposed, and that, when this 1s realized, the difficulties
raised by Berkeley largely disappear. Some of the difficulties
raised by Hume, 1t 1s true, have not yet been disposed of;
but they concernscientific methodin general, more particularly

induction. On these matters I do not propose to say anything
in the present volume, which will throughout assume the general

validity of scientific method properly conducted.

The problems which arise in: attempting to bridge the gulf
between physics (as commonly interpreted) and perception
are of two kinds. There 1s first the epistemological problem:
what facts and entities do we know of that are relevant to
physics, and may serve as its empirical foundation ? This
demands a discussion of what, exactly, 1s to be learnt from a
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perception, and also of the generally assumed physical causa-
tion of perceptions—e.g. by light-waves or sound-waves. In

connection with this latter question, 1t 1s necessary to consider

how far, and 1n what way, a perception can be supposed to
resemble i1ts external cause, or, at least, to allow inferences as
to characteristics of that cause. This, in turn, demands a

careful consideration of causal laws, which, however, is in any
case a necessary part of the phiiosophical analysis of physics.
Throughout this inquiry, we are asking ourselves what grounds

) J

exist for supposing that physics is ““ true.”” But the meaning
of this question requires some elucidation in connection with
what has already been said about interpretation.

Apart altogether from the general philosophical problem of
the meaning of “ truth,” there is a certain degree of vagueness
about the question whether physics 1s ““true.” In the
narrowest sense, we may say that physicsis *“ true ’’ if we have
the perceptions which 1t leads us to expect. In this sense, a
solipsist might say that physics 1s true; for, although he would
suppose that the sun and moon, forinstance, are merely certain
series of perceptions of his own, yet these perceptions could be

foreseen by assuming the generally received laws of astronomy.
So, for example, Leibniz says:

" Although the whole of this life were said to be nothing
but a dream, and the wvisible world nothing but a phantasm,
I should call this dream or phantasm real enough, if, using
reason well, we were never deceived by 1t.”’*

A man who, without being a solipsist, believes that whatever
1s real 1s mental, need have no difficulty in declaring that
physics 1s ““ true ”’ in the above sense, and may even go further,
and allow the truth of physics in a much wider sense. This
wider sense, which I regard as the more important, 1sas follows:
Given physics as a deductive system, derived from certain

hypotheses as to undefined terms, do there exist particulars,
* Phtlosophische Werke, Gerhardt's edition, vol. vii.,, p. 320.
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or logical structures composed of particulars, which satisfy
these hypotheses ? If the answer is in the affirmative, then
physics is completely “ true.” We shall find, if I am not mis-
taken, that no conclusive reason can be given for a fully affirma-
tive answer, but that such an answer emerges naturally if we
adopt the view that all our perceptions are causally related to
antecedents which may not be perceptions. This is the view
of common sense, and has always been, at least in practice,
the view of physicists. We start, ig"physics, with a vague mass
of common-sense beliefs, which we can subject to progressive
refinements without destroying the truth of physics (in our
present sense of *‘ truth ’); but if we attempt, like Descartes,
to doubt all common-sense beliefs, we shall be unable to demon-
stratethatanyabsurdity resultsfrom therejection of the above
hypothesis as to the causes of perceptions, and we shall

b 4

therefore be left uncertainas to whether physics is fully *“ true’
or not. In these circumstances, it would seem to be a matter

of 1ndividual taste whether we adopt or reject what may be
called the realist hypothesis.

The epistemological problem, which we have just beenstating
in outline, will occupy Part II. of the present work. Part III.
will be occupied with the outcome for ontology—:.c. with the
question: What are the ultimate existents in terms of which
physics is true (assuming that there are such)? And what is
their general structure? And what are the relations of space-
time, causality, and qualitative series respectively ? (By
" qualitative series ~’ I mean such as are formed by the colours
of the rainbow, or by notes of various pitches.) We shall find,
if I am not mistaken,that the objects which are mathematically
primitive in physics, such as electrons, protons, and points 1n
space-time, are all logically complex structures composed of
entities which are metaphysically more primitive, which may
be conveniently called “events.” It is a matter for mathe-
matical logic to show how to construct, out of these, the
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objects required by the mathematical physicist. It belongs
also to this part of our subject to inquire whether there 1s
anything in the known world that 1s not part of this meta-
physically primitive material of physics. Here we derive great
assistance from our earlier epistemological inquiries, since these
enable us to see how physics and psychology can be included
1t one science, more concrete than the former and more com-
prehensive than the latter. Physics, 1n 1tself, 1s exceedingly
abstract, and reveals only certain mathematical characteristics
of the material with which 1t deals. It does not tell us any-
thingas to the intrinsic character of this material. Psychology
1s preferable 1n this respect, but 1s not causally autonomous:
1f we assume that psychical events are subject, completely, to
causal laws, we are compelled to postulate apparently extra-
psychical causes for some of them. But by bringing physics
and perception together, we are able to include psychical
events 1n the material of physics, and to give to physics the
greater concreteness which results from our more intimate
accuaintance with the subject-matter of our own experience.
To show that the traditional separation between physics and

psychology, mind and matter, 1s not metaphysically defensible,
will be one of the purposes of this work; but the two will be

brought together, not by subordinating either to the other,
but by displaying each as a logical structure composed of
what, following Dr H. M. Sheffer,* we shall call * neutral
stuff.”” We shall not contend that there are demonstrative
grounds in favour of this construction, but only that it is
recornmended by the usual scientific grounds of economy and

comprehensiveness ot theoretical explanation.

* See Pretface to Holt’s Concept of Consciousness.



PART 1
THE LOGICAL ANALYSIS OF PHYSICS

CHAPTER II
PRE-RELATIVITY PHYSICS

THE physics of Newton, considered as a deductive system, had
a perfection which 1s absent from the physics of the present

day. Science has two purposes, €ach of which tends to con-
flict with the other. On the one hand, thereis a desire to know

as much as possible of the facts in the region concerned; on
the other hand, there 1s the attempt to embrace all the known
facts 1n the smallest possible number of general laws. The

law of gravitation accounted for all the factsabout the motions

of the planetsand their satellites which were known in Newton'’s
day; at the time, 1t exhibited the 1deal of science. DBut facts

and theories seem destined to conflict sooner or later. When

this happens, there 1s a tendency either to deny the facts or to
despair of theory. Thanksto Einstein, the minute facts which

have been found incompatible with the natural philosophy of
Newton have been fitted into a new natural philosophy; but
there 1s not yet the complete theoretical harmony that existed
while Newton was undisputed.

Itisnecessary tosaysomething about the Newtonian system,

since everything subsequent has arisen as an ainendment to 1t,
not as a fresh start. Most of the fundamental concepts of this

system are due to Galileo, but the complete structure appears
first in Newton’s Principia. The theoryis simple and mathe-

matical: indeed, one of its main differences from modemn
theories is its belief (perhaps traceable to Greek geometry)
that Nature 1s convenient for the mathematician, and requires
little manipulation before his concepts become applicable.

The Newtonian system, stated with schematic simplicity,

as, e.g., by Boscovitch, 1s as follows. There is an absolute
13
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space, composed of points, and an absolute time, composed of
instants; there are particles of matter, each of which persists
through all time and occupies a point at each instant. Each

particle exerts forces on other particles, the effect of which 1s
to produce accelerations. Each particle 1s associated with a
certalin quantity, its ““ mass,”” which is inversely proportional
to the acceleration produced 1n the particle by a given force.
The laws of physics are conceived, on the analogy of the law of
gravitation, as formulae giving theforce exerted by one particle
on another 1n a given relative situation. This system 1s
logically faultless. It was criticized on the ground that
absolute space and time were meaningless, and on the ground
that action at a distance was inconceivable. This latter objec-
tion was sanctioned by Newton, who was not a strict New-
tonian. But 1n fact neither objection had any force from a
logical point of view. Kant’s antinomies, and the supposed
difficulties of infinity and continuity, were finally disposed of
by Georg Cantor. There was no valid a pr707: reason for sup-
posing that Nature was not such as the Newtonians averred,
and their scientific successes afforded empirical, or at least
pragmatic, arguments in their favour. It1sno wonder, there-
fore, that, throughout the eighteenth century, the system ot
ideas which had led to the law of gravitation dominated all
scientific thought.

Before physics 1tself had made any breaches 1n this edifice,
there were, however, certain objections of an epistemological
order. Itwll be worth while to consider these, sincei1t 1s urged
that the theory of relativity 1s not open to them, though I
believe this claim to be only partially justified.

Themost formidable and persistent attack was upon absolute
space and time. This attack was initiated by Leibniz in the

lifetime of Newton, especially in his controversy with Clarke,
who represented Newton. In time, most physicists came to

disbelieve 1n absolute space and time, whileretaining the New-
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tonian technique, which assumed their existence. In Clerk
Maxwell’'s Matter and Motion, absolute motion 1s asserted
1n one passage and denied in another, with hardly any attempt
to reconcile these two opinions. But at the end of the nine-
teenth century the prevalent view was certainly.that of Mach,
who wvigorously denied absolute space and time. Although
this denial has now been proved to be right, I cannot think
that betore Einstein and Minkowski it had any conclusive
arguments in its favour. In spite of the fact that the whole
question 1s now ancient history, it may be 1nstructive to con-
sider the arguments briefly.

The important reasons for rejecting absolute space and time
were two. First, that everything we can observe has to do
only with the relative positions of bodies and events; secondly,
that points and i1nstants are an unnecessary hypothesis, and
are therefore to be rejected in accordance with the principle
of economy, which is the same thing as Occam’s razor. It
appears to me that the first oi these arguments has no force,
while the second was false until the advent of the theory of

relativity. My reasons are as follows:
That we can only observe relative positions is, of course, true;

but science assumes many things that cannot be observed,
for the sake of simplicity and continuity in causal laws.
L eibniz assumed that there are infinitesimals, although every-

thing that we can observe exceeds a certain minimum size.
We all think that the earth has an inside, and the moon a side

which we cannot see. But, 1t will be said, these things are like
what we observe, and circumstances can be imagined under
which we should observe them, whereas absolute space and
time are different in kind from anything directly known, and
could not be directly known 1n any conceivable conditions.
Unfortunately, however, this applies equally to physical bodies.
The relative positions which we see are relative positions ot
parts of the visual field; but the things in the visual field are
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not bodies as conceived 1n traditional physics, which 1s domin-
ated by the Cartesian dualism of mind and matter, and places
the visual field 1n the former. This argument 1s not valid as
against Mach, who argued that our sensations are actually part
of the physical world, and thus inaugurated the movement
towards neutral monism, which denies the ultimate validity
of the mind-matter dualism. Butitisvalid asagainstall those
for whom matter i1s a sort of Ding-an-sich, essentially different
from anything that enters into our experience. For them, it
should be as 1llegitimate to infer matter from our perceptions
as to infer absolute space and time. The one, like the other, 1s
part of our naive beliefs, as 1s shown by the Copernican con-
troversy, which would have been 1impossible for men who re-
jected absolute space and time. And theremoteness from our
perceptions is as much a discovery due to reflection in the one
case as1n the other.

It 1s impossible to lay down a hard-and-fast rule that we can
never validly infer something radically different from what we
observe—unless, indeed, we take up the position that nothing
unobserved can ever be validly inferred. This view, which
is advocated by Wittgenstein in his Tractatus Logico-Philo-
sopmcus, has much 1n 1ts favour, from the standpoint of a strict
logic; but 1t puts an end to physics, and therefore to the
problem with which this workisconcerned. 1shallaccordingly
assume that scientific inference, conducted with due care,
may be valid, provided it 1s recognized as giving only proba-
bility, not certainty. Given this assumption, I see no possible
ground for rejecting an inference to absolute space and time,
1f the facts seem to call for it. It may be admitted that 1t 1s
better, 1f possible, to avoid inferring anything very different '
from what we know to exist. Such a principle will have to be
based on grounds of probability. Itmay besaid thatallinfer-
ences to something unobserved are only probable,and that their

probability depends, in part, upon the a f¢rior: probability
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of the hypothesis; thismaybe supposed greater when we infer
something similar to what we know than when we infer some-
thing dissimilar. But it seems questionable whether there s
much force in this argument. Everything that we perceive
directly 1s subject to certain conditions, more especially physio-
logical conditions; 1t would seem a p#207 probable that where
these conditions are absent things would be different from any-
thing that we can experience. If we suppose—as we well
may—that what we experience has certain characteristics con-
nected with our experiencing, theré can be no a prior: objection
to the hypothesis that some of the things we do not experience
are lacking 1n some characteristics which are universal in our
experience. The inference to absolute space and time must,

therefore, be treated as on a level with any other inductive

inference.
The second argument against absolute space and time—

namely, that they are unnecessary hypotheses—has turned out
to be valid; but 1t 1s only 1n quite recent times that Newton’s
argument to the contrary has been refuted. The argument,
as everyone knows, was concerned with absolute rotation.

b

It is urged that, for *“ absolute rotation,’
““rotation relatively to the fixed stars.’

we may substitute

)

This 1s formally
correct, but the influence attributed to the fixed stars savours
of astrology, and 1s scientifically incredible. Apart from this
special argument, the whole of the Newtonian technique 1s
based upon the assumption that there 1s such a quantity as
absolute acceleration; without this, the system collapses.
That 1s one reason why the law of gravitation cannot enter
unchanged 1nto the general theory of relativity. There are,
of course, two distinct elements 1n the theory of relativity:
one of them—the merging of space and time 1into space-time—
1s wholly new, while the other—the substitution of relative for
absolute motion—has been attempted ever since the time of
Leibniz. But this older problem could not be solved by
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itself, because of the necessity for absolute acceleration 1n
Newtonian dynamics. Only the method of tensors, and the
new law of gravitation obtained 1n accordancewith this method,

have made 1t possible to answer Newton's arguments for
absolutespace and time. While, therefore, the contention that
these are unnecessary would always have been a valid ground

for rejecting themifit had been known to be true, 1t 1s only now
that we can be coniident of its correctness, since 1t 1s only now

that we possess a mathematical technique which 1s 1n accord-
ance with it.

Somewhat similar considerations apply to action at a dis-

tance, which was also considered incredible by Newton's critics,
from Leibniz onwards, and even by Newton himself. There
1s one theory, which may well be true, according to which
action at a distance i1s seli-contradictory: this 1s the theory
which derives spatio-temporal separation from causal separa-
tion. I shall say no more about this possibility at present,
since 1t was not suggested by any of the opponents of action at
a distance, all of whom considered spatial and temporal rela-
tions totally distinct from causal relations. IFrom their point
of view, theretfore, the objection to action at a distance seems
to have been little more than a prejudice. The source of the
prejudice was, I think, twofold: first, that the notion of
“force,” whichwas the dynamical form of ““cause,” was derived
from the sensations of pushing and pulling; secondly, that
people falsely supposed themselves in contact with things when
they pushed and pulled them, or were pushed and pulled by
them. I donotmeanthatsuch crude notions would have been

explicitly defended, but that they dominated the imaginative

picture of the physical world, and made Newtonian dynamics
seem what is absurdly called *‘ intelligible.” Apart from such

mistakes, 1t should have been regarded as a purely empirical
question whether there 1s action at a distance or not. It was

1n fact so regarded throughout the latter half or three-quarters
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of the eighteenth century, and 1t was generally held that the
empirical arguments in favour of action at a distance were
overwhelming.

Not wholly unconnected with the question of action at a
distance was the question of the réle of *“ force ™ in dynamics.
In Newton, “ force ”’ plays a great part, and there seems no
doubt that heregarded it as a vera causa. If there was action
at a distance, the use of the words “‘ central forces ’’ seemed to

)

make it somehow more ‘‘ intelligible.” But gradually it was
increasingly realized that ** force ™ is merely a connecting link
between configurations and accelerations; that, in fact, causal
laws of the sort leading to differential equations are what we

need, and that ‘‘ force” i1s by no means necessary for the
enunciation of such laws. Kirchoff and Mach developed a
mechanics which dispensed with “‘ force,”” and Hertz perfected
their views 1n a treatise* comparable to Euclid from the point
of view of logical beauty, leading to the result that there i1s
only one law of motion, to the effect that, in a certain defined
sense, every particle describes a geodesic. Although the whole
of this development involved no essential departure from
Newton, it paved the way for relativity dynamics, and pro-
vided much of the necessary mathematical apparatus, particu-
larlyin the use of the principle of least action.

The first physical theory to be developed on lines definitely
different from those of Newtonian astronomy was the un-
dulatory theory of light. Not that there was anything to
contradict Newton, but that the framework of ideas was
different. Transmission through a medium had been made
fashionable by Descartes, and unfashionable by the New-
tonians; 1n the case of the transmission of light 1t was found
necessary to revert to the older point of view. Moreover, the
zther was never so comfortably material as *‘ gross ’’ matter.
It could vibrate, but 1t did not seem to consist of little bits

®* Prinzipien der Meckanik.
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each with 1ts own individuality, or to be subject to any dis-
coverable molar motions. No one knew whether 1t was a jelly
or a gas. Its properties could not be inferred from those of
billiard balls, but were merely those demanded by its functions.
In fact, like a painfully good boy, it only did what it was told,
and might therefore be expected to die young.

A more serious change was introduced by Faraday and
Maxwell. Light had never been treated on the analogy of
gravitation, but electricity appeared to consist of central
torces varying inversely as the square of the distance, and
Was therefore confidently fitted into the Newtonian scheme.
Faraday experimentally and Maxwell theoretically displayed
the inadequacy of this view; Maxwell, moreover, demonstrated
the 1dentity of light and electromagnetism. The ather
I'equired for the two kinds of phenomena was therefore the
same, which gave 1t 2 much better claim to be supposed to
exist. Maxwell's proof, it is true, was not conclusive, but it
wasmadeso by Hertz when he produced electromagnetic waves
artificially and studied their properties experimentally. It
thus became clear that Maxwell's equations, which contained
practically the whole of his system, must take their place
beside the law of gravitation as affording the mathematical
formula for a vast range of phenomena. The concepts required
for these equations were, at first, not definitely contradictory
to the Newtonian dynamics; but By the help of subsequent
experimental results contradictions emerged which were only
removed by the theory of relativity. Of this, however, we
shall speak in a later chapter.

Another breach i1n the orthodox system. of which the
importance has only become fully manifest since the publica

tion of the general theory of relativity, was the invention of
non-Euclidean geometry. In the work of Lobatchevsky and
Bolyai, although the philosophical challenge to Euclid was
already complete, and the consequent argument against Kant'’s
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transcendental asthetic very powerful, there were not yet,

at least obviously, the far-reaching physical implications of
Riemann’s inaugural dissertation ‘° Ueber die Hypothesen,

)

welche der Geometrie zu Grunde liegen.” A few words on

this topic are unavoidable at this stage, although the full

discussion will come later.
One broad result of non-Euclidean geometry, even in its

earliest form, was that the geometry of actual space 1s, at
least 1n par{:, an empirical study, nof a branch of pure mathe-
matics. It may be said that emp’iricists, such as J. S. Mill,
always based geometry upon empirical observation. But they
did the same with arithmetic, i1n which they were certainly
mistaken. No one before the non-Euclideans perceived that
arithmetic and geometry stand on a quite different footing,
the former being continuous with pure logic and independent
of experience, the latter being continuous with physics and
dependent upon physical data. Geometry can, it is true, be
still studied as a branch of pure mathematics, but it 1s then
hypothetical, and cannot claim that its initial hypotheses
(which replace the axioms) are true in fact, since thisis a ques-
tion outside the scope of pure mathematics. The geometry

which 1s required by the engineer or the astronomer 1s not a
branch of pure mathematics, but a branch of physics. Indeed,

1n the hands of Einstein geometry has become 1dentical with
the whole of the general part of theoretical physics: the two
are united 1n the general theory of relativity.

Riemann, who was logically the immediate predecessor of
Einstein, brought 1n 2 new 1dea of which the importance was
not perceived for halfa century. He considered that geometry
ought to start from the infinitesimal, and depend upon integra-
tion for statements about finite lengths, areas, or volumes.
This requires, tnter alia, the replacement of the straight line
by the geodesic: the latter has a definition depending upon
1mfinitesimal distances, while the former has not. The tradi-
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tional view was that, while the length of a curve could, 1n
general, only be defirted by integration, thelength of the straight
line between two points could be defined as a whole, not as
the limit of a sum of little bits. Riemann's view was that a
straightline does not differ from a curvein thisrespect. More-
over, measurement, being performed by means of bodies, 1s
a physical operation, and its results depend for theirinterpreta-
tion upon the laws of physics. This point of view has turned

out to be of very great importance. Its scope has been ex-
tended by thetheory of relativity, butinessenceitis to betfound
1in Riemann’s dissertation.

Riemann’s work, as well as that of Faraday and Maxwell,
belongs, like the theory of relativity, to the development ot the
view of the physical world as a continuous medium, which
has, irom the earliest times, contested the mastery with the
atomic view. Just as Newton caused absolute space and time
to be embedded 1n the technique of dynamics, so Pythagoras
caused spatial atomism to be embedded in the technique ot
geometry. Ever since Greek times, those who did not believe
in the reality of “ points ’’ were faced with the difficulty that
a geometry based on points works, while no other way of start-
ing geomeiry was known. This difficulty, as Dr Whitehead
has shown, exists no longer. It 1s now possible, as we shall
see at a later stage, to interpret geometry and physics with
material all of which 1s of a finite size—it 1s even possible to
demand that none of the material shall be smaller than an
assigned finite size. The fact that this hypothesis can be
reconciled with mathematical continuity 1s a novel discovery
of considerable importance; until recently, atomism and con-
tinuity appeared incompatible. There are, however, torms
of atomism which have not hitherto been found easy to
reconclile with continuity; and, as 1t happens, there 1s powertul
experimental evidence in their favour. Just at the moment
when Maxwell, supplemented by Hertz, appeared to have
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reduced everything to continuity, the new evidence for an
atomic view of Nature began to accumulate. There is still an
unreconciled conflict, one set of facts pointingin one direction,
and another 1n another; but 1t 1s legitimate to hope that the
conflict will be resolved before long. Modern atomism,
however, demands a new chapter.



CHAPTER III
ELECTRONS AND PROTONS

PuvsICS, at the present time, 1s divisible 1into two parts, the
one dealing with the propagation of energy in matter or in
regions where there 1s no matter, the other with the inter-
changes of energy between these regions and matter. The
former 1s found to require continuity, the latter discontinuity.
But before considering this apparent conflict, 1t will be advis-
able to deal 1n outline with the discontinuous characteristics
of matter and energy as they appear in the theory of quanta
and 1n the structure of atoms. It 1s necessary, however, for
philosophical purposes, to deal only with the most general
aspects of modern theories, since the subject 1s developing
rapidly, and any statement runs a risk of being out of date
beforeit can be printed. The topics considered 1n this chapter
and the next have been treated 1n an entirely new way by the
theory i1nitiated by Heisenberg in 1g9z5. 1 shall, however,

postpone the consideration of this theory until after that of
- the Rutherford-Bohr atom and the theory of quanta con-

nected with 1t.

It appears that both matter and electricity are concentrated
exclusively 1n certain finite units, called electrons and protons.
It 1s possible that the helium nucleus may be a third indepen-
dent unit, but thisseemsimprobable.* Thenet positive charge
of a helium nucleus 1s double that of a proton, and 1ts mass 1s
slightly less than four times that of a proton. These facts

are explicable (including the slight deficiency of mass) if the

* Protfessors I'. Paneth and K. Peters claim to have transformed
hydrogen into helium. If this claim is substantiated, it disposes

definitively of the possibility that the helium nucleus 1s an 1ndependent
unit. See Nature, October g, 1926, p. 526.

24
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helium nucleus consists of four protons and two electrons;

otherwise, they seem an almost incredible coincidence. We

may therefore assume that electrons and protons are the sole
constituents of matter; 1f 1t should turn out that the helium

nucleus must be added, that would make little difference to
the philosophical analysis of matter, which i1s our task in this
volume.

Protons all have the same mass and the same amount of
positive electricity. Electrons all yé.ve the same mass, about
a5 Of the mass of a proton. Theamount of negative elec-
tricity on an electron 1s always the same, and 1s such as to
balance exactly the amount on a proton, so that one electron
and one proton together constitute an electrically neutral
system. An atom consists, when unelectrified, of a nucleus
surrounded by planetary electrons: the number of these elec-
trons 1s the atomic number of the element concerned. The

nucleus consists of protons and electrons: the number of the
former 1s the atomic weight of the element, the number of the
latter 1s such as to make the whole electrically neutral—z.ec.

1t1s the difference between the number of protonsin the nucleus
and the number of planetary electrons. Every item 1n this
complicated structure 1s supposed, at normal times, to be
engaged 1n motions which result, on Newtonian principles
(modified slightly by relativity considerations), from the
attractions between electrons and protons and the repulsions
between protons and protons as well as between electrons and
electrons. But of all the motions which should be possible
on the analogy of the solar system, 1t 1s held that only an
infinitesimal proportion are in fact possible; this depends upon
the theory of quanta, 1n ways which we shall consider later.
The calculation of the orbits of planetary electrons, on
Newtonian principles, 1s only possible 1in the two simplest
cases: that of hydrogen, which consists (when unelectrified)
of one proton and one electron; and that of positively electri-
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fied helium, which has lost one, but not both, of its planetary
electrons. In these two cases the mathematical theory is
practically complete. In all other cases which actually occur,
although the mathematics required 1s of a sort which has been

investigated ever since the time of Newton, 1t 1s impossible to
obtain exact solutions, or even good approximations. The

case 1s still worse as regards nuclei. The nucleus of hydrogen
1s a single proton, but that of the next element, helium,
1s held to consist of four protons and two electrons. The com-
bination must be extraordinarily stable, both because no
known process disintegrates the helium nucleus, and because
of the loss of mass involved. (If the mass of the helium atom
is taken as 4, that of a hydrogen atom is not I, but 1°008.)
This latter argument depends upon considerations connected
withrelativity, and must therefore be discussed at a later stage.
Various suggestions have been made as to the way in which
the protons and electrons are arranged i1n the helium nucleus,
but none, so far, has yielded the necessary stability. What
we may call the geometry of nuclei i1s theretore still unknown.
It may be that, at the very small distances involved, the law
of force 1s not the inverse square, although this law 1s found

pertectly satistactory in dealing with the motions ot the plane-
tary electron in the two cases 1n which the mathematics 1s
teasible. This, however, 1s merely a speculation; for the
present we must be content with ignorance as regards the
arrangement of protons and electrons 1n nuclei other than that
of hydrogen (which contains no electron in the nucleus).

S0 long as an atom remains 1n a state of steady motion, it
gives no evidence of its existence to the outside world. A
material system displaysits existence to outsiders by radiating

or absorbing energy, and 1n no other way; and an atom does
notabsorbor partwithenergyexcept whenitundergoessudden
revolutionary changes ot the sort considered by the theory ot

quanta. Thisi1s of importance from our point of view, since
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1t shows that no empirical evidence can decide between two
theories of the atom which yield the same result as regards the
interchanges of energy between the atom and the surrounding
medium. It may be that the whole Rutheriord-Bohr theory
1s too concrete and pictorial; the analogy with the solar system
may be much less close than 1t i1s represented as being. A
theory which accounts for all the known facts 1s not thereby
shown to be true: this would require a proof that no other
theory would do the same. Such a proof is very seldom
possible; certainly it 1s not possiblefiix the case of the structure
of the atom. What may be taken as firm ground i1s the
numerical part of the theory. Certain quantities, and certain
whole numbers, are clearly involved; but 1t would be rash to
say that such and such an interpretation of these quantities
and whole numbers 1s the only one possible. It is proper and
right to use a pictorial theory as a help 1n investigation; but
what can count as definite knowledge 1s something much more
abstract. And it i1s quite possible that the truth does not lend
1tself to pictorial statement, but only to expression 1in mathe-
matical formula. This, as we shall see, 1s the view taken by
what we may call the Heisenberg theory.

It may be worth while to linger 2a moment over this question
of the nature of our real knowledge concerning atoms. In the
last analysis, all our knowledge of matter 1s derived irom
perceptions, which are themselves causally dependent upon
effects on our body. In sight, for example, we depend upon
light-waves which impinge upon the eye. Given the waves,
we shall have the visual perception, assuming no defect in the
eye. Therefore nothing in visual perception alone can enable
us to distinguish between two theories which give the same
result as regards the light-waves which reach human eyes.
This, asstated, seems to introduce psychological considerations.
But we may put the matter in a way that makes 1ts physical
significance clearer. Consider an oval surface, which is liable
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to continuous motion and change of shape, but persists

throughout time; and let us suppose that no human being has
ever been inside this surface. In illustration, we might take

a sphere surrounding the sun, or a little box surrounding an
electron which never forms part of a human body. Energy
will cross this surface, sometimes inward, sometimes outward.
Twoviewswhichlead to the sameresults as to the low of energy
across the boundary are empirically indistinguishable, since
everything that we know independently of physical theory
lies outside the surface. We may enlarge our oval surface
until its ““ inside ’ consists of everything outside the body of
the physicist concerned—to wit, ourselves. What we hear,
and what we read 1n books, comes to us entirely through a dow
of energy across the boundary of our body. It may well be
maintained that our direct knowledge 1s less than this state-
ment would imply, but i1t 1s certainly not greater. Two
universes which give the same results for the low of energy

across the boundary of A's body will be totally indistinguish-
able for A.

My object 1n bringing up these considerations 1s partly to
give a new turn to the argument about solipsism. As a rule,

solipsism 1s taken as a form of 1dealism—namely, the view
that nothing exists except my mind and my mental events.
I think, however, that 1t would be just as rational, or just as

irrational, to say that nothing exists outside my body, or that
nothing exists outside a certain closed surface which includes
my body. Neither of these is the general form of the argu-
ment. The general form 1s that first given above—namely,
that, given any region not containing myself, two physical
theories which give the same boundary conditions all over
this region are empirically indistinguishable. Electrons and
protons, 1 particular, are only known by their effects else-

where, and so long as these efiects are unchanged we may alter
our views of electronsand protons as much as we please without
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making a difference 1n anything verifiable. The question of
the validity of the inference to things outside ourselves 1is
logically quite distinct from the question whether the stuff of
the world 1s mental, material, or neutral. I might be a solip-
sist, and hold at the same time that I am my body; I might,
conversely, allow inferences to things other than myself, but
maintain that these things were minds or mental events. In
physics, the question 1s not that of solipsism, but the much
more definite question: Given the physical conditions at the
bounding surface of some volume, without any direct know-
ledge of the interior, how much can we legitimately infer as to
what happens in the interior 7 Is there good ground for sup-

posing that we can infer asmuch as physicists usually assume ?
Or can we perhaps infer much less than is generally supposed ?

I do not propose as yet to attempt an answer to this question;
I have raised 1t at this stage 1n order to suggest a doubt as
to the completeness of our knowledge concerning the structure

of the atom.



CHAPTER IV
THE THEORY OF QUANTA

THE atomicity of matter 1s a hypothesis as old as the Greeks,
and 1n no way repugnant to our mental habits. The theory
that matter 1s composed of electrons and protons 1s beautiful
through 1ts successtul ssmplicity, but 1s not difficult to imagine
or believe. It 1s otherwise with the form of atomicity intro-
duced by the theory of quanta. This might possibly not have
surprised Pythagoras, but 1t would most certainly have aston-
1shed every later man of science, as 1t has astonished those
of our own day. It i1s necessary to understand the general
principles of the theory before attempting a moderm philo-
sophy of matter; but unfortunately there are still unsolved
physical problems connected with 1t, which make 1t improbable
that a satistactory philosophy of the subject can yet be con-
structed. Nevertheless, we must do what we can.

As everyone knows, the quantum was first introduced by
Planck in xgoo in his study ot black-body radiation. Planck
showed that, when we consider the wvibrations vyhich con-

stitute the heat in a body, these are not distributed among all
possible values according to the usual law of frequency which
governs chance distributions, but on the contrary are tied down

by a certain law. If e is the energy of a vibration, and v its
frequency, then there 1s a certain constant %,* known as
Planck’s constant, such that ¢/v 1s 2, or 24, or 34, or some

other small integral multiple of A. Vibrations with other

amounts of energy don. toccur. No reasonis known for their
non-occurrence, which remains so tar of the nature of a brute

* The numerical value of % 1s 6:55 X 10~ 27 erg secs., and 1ts dimen-
sions are those of *‘ action ’'’'—1.e., energy Xtime.

30
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fact. At first, it was an isolated fact. Rut now Planck’s
constant has been found to be involved 1n various other kinds

of phenomena; in fact, wherever observation is sufficiently
minute to make 1t possible to discover whether it 1s involved

or not.

A second field for the quantum theory was found in the

phdto-electric effect. This effect 1s described as follows by
Jeans:*

“The géneral features of the phéhomenon are well known.
For some time it has been known that the incidence of high-

frequency light on to the surface of a negatively charged con-
ductor tended to precipitate a discharge, while Hertz showed
that the incidence of the light on an uncharged conductor
resulted 1n 1ts acquiring a positive charge. These phenomena
have been shown quite conclusively to depend on the emission

of electrons from the surface of the metal, the electrons being
set free 1n some way by the incidence of the light.

“ In any particular experiment, the velocities with which
individual electrons leave the metal have all values from zero
up to a certain maximum velocity v, which depends on the
conditions of the particular experiment. No electron is found
to leave the metal with a velocity greater than this maximum
v. JItseems probable thatin any one experiment all the elec-
trons are 1nitially shot off with the same velocity v, but that
those which come from a small distance below the surface lose
part of their velocity in fighting their way out to the surface.

““ Leaving out of account such disturbing influences as films
of impurities on the metallic surface, it appears to be a general
law that the maximum velocity » depends only on the nature ot
the metal and on the frequency of the incident light. It does
not depend on the intensity of the light, and within the range
of temperature within which experiments are possible it does
not depend on the temperature of themetal. ... Foragiven
metal this maximum velocity increases regularly as the fre-
quency of the light is increased, but there 1s a certain frequency
below which no emission takes place at all.™

* Report on Radiation. and the Quantum T heory, Physical Society of
London, 1914, p. 58.
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Theexplanation of this phenomenonin terms of the quantum
was first given by Einstein* 1n 19o5. When light of frequency
v falls on the conductor, 1t 1s found that the amount of energy
absorbed by an electron which the light separates from its
atom 1s about five-sixths of A~v, where v 1s Planck’s constant.
It may be supposed that the other one-sixth 1s absorbed by the
atom, so that atom and electron together absorb exactly one
quantum .. When the light 1s of such low frequency that
hv 1s not enough to liberate an electron, the photo-electric
effect does not take place. Explanations not involving the

quantum have been attempted, but none seem able to account
for the data.

Another field in which the quantum hypothesis has been
found necessary 1s the specific heat of solids at low tempera-
tures. According to previous theories, the specific heat (at
constant volume) multiplied by the atomic weight ought to
havethe constant value 5-95. Infact, thisisfound to be very
approximately correct for high temperatures, but for low
temperatures there 1s a falling off which increases as the

temperature falls. The explanation of this fact offered by
Debye 1s closely analogous to Planck’s explanation of the facts

of black-body radiation; and asin that case, 1t seems definitely
1impossible to obtain a satisfactory theory without invoking
the quantum.t

The most interesting application of quantum theory 1s
Bohr’s explanation of the line spectra of elements. It hadbeen
found empirically that the lines in the hydrogen spectrum
which were known had frequencies obtained from the differ-
ence of two “ terms,”” according to the formula:

v=R{(Z_LY . ... (1),

nZ kz
where v 1s the frequency, R 1s *“ Rydberg's constant,” » and 4

* Annalen der Physik, vol. xvil., p. 146.
1 See Jeams, loc. cii.,-chap. V1.
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are small integers, and % ;i—i are what are called ‘ terms.”

After the formula had been discovered, newlines agreeing with
it were sought and found. Certain lines formerly attributed to
hydrogen, and not agreeing with the above formula, were

attributed by Bohr to ionized helium; they are given by the

formule:

I I
V=4R EEHEE

v=4R(§5; ;2:-5)

Bohr's theoretical grounds for attributing these lines to
helium were afterwards confirmed experimentally by Fowler.
It will be seen that they fit into the formula (1) when 4R 1s
substituted for R, a fact which Bohr’s theory explains, as well
as the more delicate fact that, to make the formula exact, we
have to substitute, not exactly 4R, but a slightly smaller
quantity.

The form of the equation (1) suggested to Bohr that a line
of the hydrogen spectrum 1s not to be regarded as something
which the atom emits when it is in a state of periodic vibration,
but as produced by a change from a state connected with one
integer to a state connected with another. This would be
explained 1f the orbit of the electron were not just any orbit
possible on Newtonian principles, but only an orbit connected
with an integral * quantum number ”’—z.e. with a multiple
of A.

The wayin which Bohr achieved a theory on these linesis as
follows. He supposed that the electron can only revolve

round the nucleus 1n certain circles, these being such that, if
$ 1s the moment of momentum in any orbit, we shall have:

where 4 1s, asalways, Planck’s constant, and # is a small whole
number. (In theory » might be any whole number, but in
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practice 1t 1s never found to be much larger than 30, and that
only in certain very tenuous nebul®.) The reason why the
quantum principle assumes just this form will be explained

presently.
Now if m is the mass of the electron, a the radius of its orbit,

and w 1ts angular velocity, we have:

=ma’w.
Hence 2nmalw=nh ..., ... ... .. (3).

But, on grounds of the usual theory, since the radial accelera-

tion of the electron 1s aw? and the force attracting it to the
nucleus 1s e2/a3, we have:

maw?=ed/as.
I.e. macwi=ed ... ... (4).

From equations (3) and (4) we obtain:

- n2h? Srdmed
ﬁ—qﬂﬂmgﬂ’ Q) =- 1‘1"'3}";3— ............ (5)

The possible orbits for the electron are obtained by putting
n=1, 2, 3, 4, ... 1n the above formule for a. Thus the
smallest possible orbit 1s:

and the other possible orbits are 4a,, 9a,, 16a,, etc.
For the energy 1n an orbit of radius #2a, we have, since the
potential energy 1s double the kinetic energy with 1ts sign

changed:*
20 A e’
nehd

W= - imawi= -

in virtue of (s). Thus when the electron falls from an orbit
whose radius 1s k2a, to one whose radius is n2a, (k>n), there

1s a loss of energy:

29t 3 eb (I I)
i ni R

* See Sommerfeld, Atomic Structure ond Specirval Lines, pp. 547 fi.
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It 1s assumed that this energy 1s radiated out 1n a light-
wave whose energy 1s one quantum of energy #A», where »

1s1ts frequency. Hence we obtain the frequency of the emitted
light by the equation:

k 291 2mmed (I I
”: —ee S SR =
IR n2 R3J)’
_ 2mime’ (I I)
V= .- T

1'084 h& n kz

This agrees exactly with the “observed lines 1f [see

equation (1)]:
2nimes

R= ha »

where R 1s Rydberg’'s constant. On inserting numerical
values, 1t 1s found that this equation 1s verified. This striking
success was, from the first, a powerful argument 1n favour of
Bohr’s theory.

Bohr’s theory has been generalized by Wilson* and Sommer-
feld so as to allow also elliptic orbits: these have two quantum
numbers, one corresponding, as before, to angular momentum
or the moment of momentum (which 1s constant, by Kepler’s
second law), the other depending upon the eccentricity. Only
certain eccentricities are possible; 1n fact, the ratio of the
minor to the major axis 1s always rational, and has as its
denominator the quantum number corresponding to the
moment of momentum. Inorderto explain the Zeeman effect
(which arises 1n a magnetic field) we used a third quantum

number, corresponding to the angle between the plane of the
magnetic field and the plane of the electron’s orbit. In all
cases, however, there 1s a general principle, which must now
be explained. This will show, also, why, in Bohr’s theory,
the quantum equation (2) takes the form 1t does.

* W. Wilson, The Quantum Theory of Radiation and Line Specira
Phil. Mag., June, 1915.

T What follows i1s taken from Note 7 (pp. 555 ff.) 1n Sommerfeld’s
Atomic Structure and Spectral Lines, translated from the third German
edition by Henry L. Brose, M.A., 1923. See also Note 4 (pp. 541 ff.).
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The first thing to observe is that the quantum principle is
really concerned with atoms of action, not of energy.: action is
energy multiplied by time. Suppose now that we have a system
depending upon several co-ordinates, and periodic 1n respect
of each. It is not necessary to suppose that each co-ordinate

has the same period: 1t 1s only necessary to suppose that the
system 1s ‘‘ conditionally periodic "—z.e. that each co-ordinate

separately 1s periodic. We must further assume that our co-
ordinates are so chosen as to allow ** separation of variables *
(as to which, see Sommerfeld, op. cit., pp. 559-60). We then
define the “ momentum '’ (in a generalized sense) associated
with the co-ordinate g, as the partial differential of the kinetic
energy with respect to ¢,—t.e. calling the generalized

momentum p,, we put:
OL ki
Oy

Pi=

where EF,.. 1s the kinetic energy. The quantum condition 1s
to apply to the integral of p, over a complete period of g,—

2.€. we are to have:

J Prdgy = mh,

where the integration is taken through one complete period
of g,. Here %, will be the quantum number associated with

the co-ordinate g,. Theaboveisa general formula of which all
known cases of quantum phenomena are special cases. This

1S its sole justification.

The above principle 1s exceedingly complicated—more so,
even, than it appears 1n our summary account, which has
omitted various difbiiculties. It is possible that its complica-

tion may be due to the fact that quantum dynamics has had
to force 1ts way through the obstacles which the classical
system put 1n 1ts way; 1t 1s possible also that quantum pheno-
mena may turn out to be deducible from classical principles_
But before pursuing this line of thought, it may be well to say
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a few words about the developments of Bohr's theory by
Sommerfeld and others.

In its original form, in which circular orbits were assumed,
Bohr's theory accounted for the main facts concerming the
line spectra of hydrogen and 1onized helium. DBut there were
a number of more delicate facts which required the hypo-
thesis of elliptic orbits: with this hypothesis, together with
some niceties derived trom relativity, the most minute agree-
ment has been obtained between-theory and observation.
But perhaps this greatsuccess has made people think that more
was proved than really was proved. The great advantage
obtained from admitting elliptic orbits is that they provide
a second quantum number. Inthe emission oflight by atoms,
what we have 1s essentially as follows. The atom 1s capable
of variousstates, characterized by wholenumbers (the quantum
numbers). There may be more or fewer quantum numbers,
according to the degrees of freedom of the system. The loss
or gain of energy when an atom passes from a state character-
1zed by one set of values of the quantum numbers to a state
characterized by another set is known. When energy is lost
(without the loss of an electron or of any part of the nucleus of
theatom), 1t passes out as a light-wave, whose energy 1s equal
to what the atom has lost, and whose energy multiplied by
the time of one vibration 1s 4. Energy 1s what 1s conserved,

but action 1s what 1s quantized.
Let us revert, 1n 1llustration, to the circular orbits ot Bohr’s
original theory, which remain possible, though not universal,

1n the newer theory. If we call E_;, the kinetic energy when
the electron 1s 1n the smallest possible orbit, the kinetic

E
energy in the #® orbit is — 7. (The measure of the total

energy 1s the kinetic energy with its sign changed.) We do

not know what determines the electron to jump from one orbit
to another; on this point, our knowledge is merely statistical.
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We know, of course, that when the atom is not in a position
to absorb energy the electron can only jump from a larger to
a smaller orbit, while the converse jump occurs when the
atom absorbs energy from incident light. We know also,
from the comparative intensities of different lines in the
spectrum, the comparative frequencies of different possible
jumps, and on this subject a theory exists. But we do not
know 1n the least why, of a number of atoms whose electrons
are not 1n minimum orbits, some jump at one time and some
at another, just as we do not know why some atoms of radio-
active substances break down while others do not. Nature
seems to be full of revolutionary occurrences as to which we
can say that, ¢f they take place, they will be of one of several
possible kinds, but we cannot say that they will take place at
all, or, 1f they will, at what time. So far as quantum theory
can say at present, atoms might as well be possessed of free
will, limited, however, to one of several possible choices.*
However this may be, 1t 1s clear that what we know 1s the

changes of energy when an atom emits light, and we know that
1n the case of hydrogen or 1onized helium these changes are

) § )

measured by 3 e It seems almost unavoidable to infer

that the previous state of the atom was characterized by the
integer £ and the later one by the integer n. But to assume
orbits and so on, though proper as a help to the imagination,
1s hardly sufficiently justified by the analogy of large-scale

processes, since the quantum principle itselt shows the danger
of relying upon this analogy. In large-scale occurrences

there 1s nothing to suggest the quantum, and perhaps other

familiar features of such occurrences may result merely from
statistical averaging.

* This, however, 1s probably a temporary state of affairs. Certain
Pasons for quantum transitions are already known. See J. Franck and
P. Jordan, Anregung von Quantenspringen durch Stosse, Berlin, 1926;
also P. Jordan, Kausalita: und StatisiiR in der wmodernen Physik,
Naturwissenschaften, Feb. 4, 1927.
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It may be worth while to consider briefly the elliptical
orbits which are possible.* This will also illustrate the appli-

cation of the quantum principle to systems with more than one

co-ordinate.
Taking polar co-ordinates, the kinetic energy 1s:

I (#? +7%02).
The two generalized momenta are therefore:
Do=mr20, p,=mr.
We have thus two quantum conditiens:

- |
J omr20do =nh
and 0

0 =27 . ,
mrdr =nh.
9=0

By Kepler's second law, mr26 is constant; call it . Thus:
2xp =nh.

The other 1ntegration 1s more troublesome, but we arrive at
the result that, if 2 and 6 are the major and minor axes of the

ellipse, a-b n'

' ———— L
A —

a n

A little further calculation leads to the result that the energy

in the orbit which has the quantum numbers #, #" is:

2nimet X
R: (n4n)%

Thisis exactly the same as 1n the case of circular orbits, except
that » +»" replaces #. If this were all, the line spectrum of
hydrogen would be exactly the same whether elliptic orbits
occurred or not, and there would be no empirical means of

deciding the question.
However, by 1ntroducing considerations derived from the

special theory of relativity we are able to distinguish between
the results to be expected from circular and elliptic orbits

* See Sommerfeld, op. cit., pp. 232 fi.
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IESpectively, and to show that the latter must occur to account
for observed facts. The crucial point 1s the variation of mass
with velocity: the faster a body 1s moving, the greater 1s 1ts
mass. Therefore in an elliptic orbit the electron will have a
g€ater mass at the perihelion than at the aphelion. From
this 1t 1s found to follow that an elliptic orbit will not be
accurately elliptic, but that the perihelion will advance
slightly with each revolution.* That is to say, taking polar
co-ordinates 7, 0, the co-ordinate 6 increases by slightly more
than 2 between one minimum of » and thenext. Thesystem
1S thys conditionally periodic "—t.e. each separate co-
ordinate changes periodically, but the periods of the two do

a-b n'

nOt coincide. The resultt is that the equation — = 1s
[€Placed by:
a-b n
a ’ny,
where pi=1 — C:;/z’

¢ being the velocity of light, and $, as before, the angular
MOmentum. It will be seen that y is very nearly 1, because

The formula for the energy associated with the quantum
Mumbers #, " now becomes much more complicated; its great
merit is that it accounts for the fine structure of the hydrogen
line spectrum. It must be felt that this minuteness of agree-
ment between theory and observation i1s very remarkable.
But 1t 1s still the case that the only empirical evidence concerns
differences of energy 1n connection with different quantum
MUmbers, and that the theory of actual orbits, proceeding,
duﬁng steady motion, according to Newtonian principles,
IMust inevitably remain a hypothesis—a hypothesis which,

M ® This is not the same phenomenon as in the case of the orbit of
®TCury. The latter depends upon the general theory of relativity,

the fomrer upon the special theory.
T Sommerfeld, op. cit., pp. 467 f.
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as we shall see, has disappeared from the latest form of the
quantum theory.

The fact of the existence of the quantum 1s as strange as 1t
1s undeniable, unless 1t should turn out to be deducible from

classical principles. It seems to be the case that quantum

principles regulate all interchange of energy between matter
and the surrounding medium. There are grave difficulties

1n reconciling the quantum theory with the undulatory theory
of light, but we shall not consider these until a later stage.
What is much to be wished is séme way of formulating the
quantum principle which shall be less strange and ad hoc
than that due to Wilson and Sommerfeld. For practical pur-
poses, it amounts to something like this: that a periodic
process of frequency ¥ has an amount of energy which 1s a
multiple of 4», and, conversely, 1f a given amount of energy 1s
expended 1n starting a periodic process, 1t will start a process
with a frequency v such that the given amount of energy shall
be a multiple of ~v. When a process has a frequency v and an
energy hv, the amount of “ action ”* during one period is A.
But we cannot say: In any periodic process the amount of
action 1n one period is 2 or a multiple of 4. Nevertheless,
some formulation analogous to this might in time tum out
to be possible. As has appeared from the theory of relativity,
“action "’ is more fundamental than energy in physical theory;
1t 1s therefore perhaps not surprising that action should be
found toplay animportant part. But the whole theory of the
interaction of inatter and the surrounding medium, at present,
rests upon the conservation of energy. Perhaps a theory
giving more prominence to action may be possible, and may
facilitate a simpler statement of the quantum principle.

In Bohr's theory and its developments, there 1s a lacuna
and there 1s a difficulty. The lacuna has already been men-
tioned: we do not know 1n the least why an electron chooses
one moment rather than another to jump from a larger to a
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smaller orbit. The difficulty 1s that the jump 1s usually
regarded as sudden and discontinuous: 1t 1s suggested
that 1f 1t were continuous, the experimental facts-in the
regions concerned would become 1nexplicable. Possibly
this dificulty may be overcome, and it may be found that
the transition from one orbit to another can be continuous.

But 1t 1s as well to consider the other possibility, that the
transition 1s really discontinuous. I have emphasized how

little we really 2now about what goes on in the atom, because

I wished to keep open the possibility of something quite dif-
ferent from what 1s usually supposed. Have we any good

reason for thinking that space-time 1s continuous? Do we

know that, between one orbit and the next, other orbits are
geometrically possible ! Einstein has led us to think that the

neighbourhood of matter makes space non-Euclidean; might it
not alsomakeit discontinuous ¢/ Itiscertainly rash to assume
that the minute structure of the world resembles that which
1s found to suit large-scale phenomena, which may be only
statistical averages. These considerations may serve as an
introduction to the most modern theory of quantum mechanics,
to which we must now turn our attention.*

In the new theory inaugurated by Heisenberg, we no longer
have the simplicity of the Rutherford-Bohr atom, in which
electrons revolve about a nucleus like separate planets.

* The principal papers setting forth this theory are:

1. W. Heisenberg, Ueber quantentheoretische Umdeutung Rinematischer

und mechanischer Beziehungen. Zeitschrift fir Physik, 33, pp. 879-893,
I1925.

2. M. Born and P. Jordan, Zur Quantenmechanik. Ibid. 34, pp- 858-
888, 1925.

3. M. Born, W. Heisenberg, and P. Jordan, Zur Quantenmechanik 11.
Ibid. 35, pp- 557-615, 1926.

4. P. A. M. Dirac, The Fundamental Equations of Quantum Mechanics.
Proc. Royal Soc., Series A, vol. 109, No. A752, pp.- 642-653, 1925.

5. W. Heisenberg, Ueber quantentheoretische Kinematik und Mechanik.
Mathematische Annalen, 95, pp. 683-705, 1926.

6. W. Heisenberg, Quantenmechanik. Naturwissenschaften, 14 Jahr-

gang, Heit 45, pp. 989-994.

Ishallquote these papersbytheabove numbers. I ammuchindebted
in this matter to Mr R. H. Fowler, F.R.S.
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Heisenberg points out that in this theory there are many
quantities which are not even theoretically observable—
namely, those representing processes supposed to be occurring
while the atom 1s 1n a steady state. In the new theory, as
Dirac says: ‘‘ The variable quantities associated with a
stationary state on Bohr's theory, the amplitudes and fre-
quencies of orbital motion, have no physical meaning and are
of no physical importance "’ (4, p. 652). Heisenberg, in first
introducing his theory, pointed out that the ordinary quantum
theory uses unobservable quantiti'éé, such as the position and
time of revolution of an electron (1, p. 879), and that the
electron ought to be represented by measurable quantities
such as the frequencies of its radiation (I, p. 880). Now the
observable frequencies are always differences between two
““ terms,’” each of which i1s represented by an integer. We
thus arrive at a representation of the state of an atom by
means of an infinite array of numbers—z.c. by a matrix.

It T, and 7, are two *’ terms, an observable frequency (in

theory) 1s »,,,, where:
Voam — Tn - Tﬁ-*

It 1s such numbers as »,, (0f which there 1s a doubly infinite
series) that characterize the atom, so far as i1t 1s observable.

Heisenberg sets out this view as follows (5, p. 685). In the
classical theory, given an electron with one degree of freedom,

In harmonic oscillation, the elongation x at time ¢ can be
represented by a IFourier series:

= x(%, t) ::::% x(n)rogzwiv(ﬂ»).‘r.t’

where # 1s a constant and ¢ 1s the number of the harmonic.
The single terms of this series, namely:

() ePeinn,

would contayn the quantities which have been signalized as
directly observable—namely, frequency, amplitude, and phase.
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But 1n virtue of the fact that, 1n atoms, frequencies are found

to be the differences of ** terms,”’ we shall have to replace the
above by:
x(nm) g2rivinmlre .

and the collection (not the sum) of such terms represents what
was formerly the elongation x. The sum of all these terms
has nolongerany physical significance. Thus the atom comes
to be represented by the numbers »(nm), arranged in an
infinite rectangle or *“ matrix.”

It 1s possible to construct an algebra of matrices, which
differs formally from ordinary algebra in only one respect,
namely, that multiplication 1s not commutative.

A new operation 1s defined which, when the quantum
numbers become large, approximates to differentiation. By
using this operation, Hamilton's equations of motion can be
preserved 1n a form which 1s applicable equally to periodic
and to unperiodic motions, so that 1t 1s no longer necessary
to distinguish a certain sphere of quantum phenomena, to
which different laws are applied from those applied to the
phenomena amenable to classical dynamics: “° A distinction
between ‘ quantized’ and ‘ unquantized ' motions loses all
meaning 1n this theory, since in 1t there i1s no question of a
quantum condition which selects certain motions from a great
number of possible ones; 1n place of this condition appears a
quantum-mechamcal fundamental equation . . . which 1s valid
for all possible motions, and 1s necessary i1n order to give a
definite meaning to the problem of motion "' (3, p- 558). The
fundamental equation alluded to i1n the above 1s as follows:
Let ¢ be a Hamiltonian co-ordinate, and p the corresponding
(generalized) momentum; both being matrices. It will be
remembered that multiplication 1s not commutative for
matrices; 1n fact, we have as the fundamental equation 1n
question (2, p. 871):

7
Pq—-qp=,_—1
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where I represents the matrix whose diagonal consists of
I's, and whose other terms are all zero. The abovei1s the sole
fundamental equation containing 4 (Planck’s constant), and
1t 1s true for «ll motions.

Heisenberg does not claim that the new theory solves all
difficulties. On the contrary, he says (5, p. 705):

““The theory here described must be regarded as still in-
complete. Thereal geometriéal or kinematical meanming of the
fundamental assumption (5)* has:not yet been made com-
pletely clear. In particular, there is a serious difficulty in the
fact that the time apparently has a different réle from the
space co-ordinates, and 1s formally differently treated. The
formal character of the time co-ordinate in the mathematical
structure of the theory 1s made particularly evident by the
fact that in the theory hitherto the question of the temporal
course of a process has no immediate meaning, and that the
concept of earlier and later can hardly be defired exactly.
Nevertheless, we need not consider these difhiculties asan objec-
tion to the theory, since the appearance of just such difficulties
was to be expected from the nature of the space-time relations
that hold for atomic systems.™

In a more or less popular exposition (6), Heisenberg has set
forth some of the consequences of his theory. Electrons and
atoms, he says, do not have ““ the degree of immediate reality
of objects of semse,” but only the sort of reality which one
naturally ascribes to light quanta. The troubles of the quan-
tum theory have come, he thinks, from trying to make
models of atoms and picture them as in ordinary space. If
we are toretain the corpuscular theory, we can only do i1t by
not assigning a definite point of space at each time to the
electron oratom. Wesubstitute a well-defined physical group
of quantities which represent what was the place of the electron.

* This 1s the assumption, mentioned above, that an atom or electron
at time ¢ can be represented by a collection of terms of the form:

x(nm)ez tv{mn)l.
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They are the observable radiation quantities, each of which
1s associated with two *‘ terms,’’ so that we obtain a matrix.
Thedistinction of inner and outer electronsin an atom becomes
meaningless. ‘It 1s, moreover, 1n principle impossible to
1dentify again a particular corpuscle among a series of similar
corpuscles ’ (p. 993).

Thematrixtheory of the electron 1s too new to be amenable,
as yet, to the kind of logical analysis which 1t 1s our purpose
to undertake 1n this Part. It 1is clear, however, that 1t affects
a scientific economy by substituting for the merely hypo-
thetical steady motions of Bohr's atoms a set of quantities
representing what we really know—namely, the radiations that
come out of the region in which the atom 1s supposed to be.
It 1s clear, also, that there 1s an 1immense logical progress in
the construction of a dynamic which destroys the distinction
between quantized and unquantized motions, and treats all
motions by means of a umiform set of principles. And the
greater abstractness of the Heisenberg atom as compared with
the Bohr atom makes 1t logically preferable, since the pictorial
elements 1n a physical theory are those upon which least
reliance can be placed.

An apparently different quantum theory, due to de Broglie*
and Schrddinger,T has been found to be formally the
same as Heisinger's theory, although at first sight very
different. This 1s described by de Broglie as °‘the new
wave theory of matter,” 1n which °° the material point
1s concelved as a singularity in a wave.”’] Here, also, the
radiations which we think of as coming out of the atom have
more physical ‘‘ reality *’ than the atom itself. One of the
merits of the theoryis thatit dimimshes the difficulties hitherto

* Annales de Physique, 3, 22, 1925.

t Annalen der Physik, 1926. Four papers, 79, pp- 361, 439, 734;
803 P* 437'

! Nalure, Sp. 25, 1926, p. 441. See also Fowler, ‘“Matrix and
Wave Mechanics,’’ 1b. Feb. 12, 1927.
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existing 1n the way of a reconciliation of the facts of interfer-
ence and dispersion with the facts which led to the hypothesis
of light quanrta.

Meanwhile, there remains the possibility that all the
quantum phenomena may be deducible from classical prin-
ciples, and that the apparent discontinuities may be only a
question of sharp maxima or minima. The most successful
theory known to me on these lines is that of L. V. King.* He
assumes that electrons rotate with a certain fixed angular
velocity, the same for all; he makKes a similar assumption as
regards protons. Consequently there is a magnetic field
which 1ntroduces conditions that are absent 1f electrons and

protons have no spin. There will be electromagnetic radiation
of frequency v, where:
hy=3m,v32,

h being Planck’s constant, m, the invariant mass of the
electron, and v its velocity. (The identity of # with Planck’s
constant is obtained by adjusting the hypothetical constants.)
From this formula he deduces many of the phenomena upon
which the quantum theory 1s based, and promises to deduce
others 1n a later paper. An article by Mr R. H. Fowler
(“Spinning Electrons,” Nature, Jan. 15, I927) discusses
Mr King's theory without arriving at a wverdict for or
against. Presumably it will not be long before a definite
answer as to the adequacy of Mr King's theory 1s
possible. If it is adequate, the quantum theory ceases
to concern the philosopher, since what remains valid in
1t becomes a deduction from more fundamental laws and
processes which are continuous and involve no atomicity of
action. For the moment, until the physicists have arnved
at a decision, the philosopher must be content to investigate
both hypotheses impartially.

* Gyvromagnetic Electrons and a Classical T heory of Atomic Structure
and Radiation. DBy Louis Vessot King, F.R.S., Macdonald Professor
of Physics, McGill University. Louis Camer, Mercury Press, 1926.



CHAPTER V
THE SPECIAL THEORY OF RELATIVITY

THE theory of relativity has resulted from a combination of
the three elements which were called for in a reconstruction of
physics: first, delicate experiment; secondlv, logical analysis;
and thirdly, epistemological considerations. Theselast played
a greater part 1n the early stages of the theory than in its
fimshed form, and perhaps this 1s fortunate, since their scope
and validity may be open to question, or at least would be
but for the successes to which they have led. One may say,
broadly, that relativity, like earlier physics, has assumed
that when different observers are doing what 1s called
‘“ observing the same phenomenon,’” those respects 1n which

their observations differ do not belong to the phenomenon,
but only those respects in which their observations agree.
This 1s a principle which common sense teaches at an early
age. A young child, seeing a ship sailing away, thinks that the
ship 1s continually growing smaller; but before long he comes
to recognize that the diminution in size is only ‘‘ apparent,’”
and that the ship “ really ”’ remains of the same size through-
out its voyage. In so far as relativity has been inspired by
eplstemological considerations, they have been of this common-
sense kind, and the appdrent paradoxes have resulted from
the discovery of unexpected differences between our observa-
tions and those of other hypothetical observers. Relativity
physics, like all physics, assumes the realistic hypothesis,
that there are occurrences which different people can observe.
For the present, we may 1gnore epistemology, and proceed to
consider relativity simply as theoretical physics. Wemay also

1gnore the experimental evidence, and regard the whole theory
48
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as a deductive system, since that i1s the point of view with
which we are concerned 1n Part I.

The most remarkable feature of the theory of relativity,
from a philosopher’s standpoint, was already present in the
special theory:Imeanthemergingofspaceandtimeintospace-
time. Thespecialtheory has now becomeonlyan approxima-
tion, which1s not exactly true in the neighbourhood of matter.
But 1t remains worth understanding, as a stage towards the
general theory. Moreover, 1t does not demand the abandon-
ment of nearly such a large pr0po’r'ﬁon of our common-sense
notions as 1s discarded by the general theory.

Technically, the whole of the special theory 1s contained
1n the Lorentz transformation. This transformation has the
advantage that 1t makes the velocity of light the same with
respect to any two bodies which are moving uniformly rela-
tively to each other, and, more generally, that 1t makes the
laws of electromagnetic phenomena (Maxwell’'s equations)
the same with respect to any two such bodies. It was for the
sake of this advantage that it was originally introduced; but
it was afterwards found to have wider bearings and a more
general justification. In fact, it may be said that, given sufii-
cient logical acumen, 1t could have been discovered at any
time after 1t was known that light 1s not propagated instan-
taneously. It has grown by this time very familiar—so
familiar that I have even seen 1t quoted (quite correctly) in
an advertisement of Fortnum and Mason’s. Nevertheless,
1t 1s, I suppose, desirable to set it forth. In its simplest form
1t 1s as follows:

Suppose two bodies, one of which (S’) is moving relatively
to the other (S) with velocity v parallel to the x-axis. Suppose
that an observer on S observes an event which he judges to
have taken placeat time?, by his clocks, and 1n the place whose
co-ordinates, for him, are %, y, z. (Each observer takes him-
self as origin.) Suppose that an observer on S” judges that the
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event occurs at time £' and that its co-ordinates are %', y’, 2.
We suppose that at the time when ¢ =0 the two observers

are at the same place, and also {=o0. It would formerly
have seemed axiomatic that we should have {=¢. Both
observers are supposed to employ faultless chronometers,

and, of course, to allow for the velocity of light 1n estimating
the time when the event occurs. It would be thought, there

fore, that they would arrive at the same estimate as to the time
of the occurrence. It would also have been thought that we

should have: /
x =x — VL.

Neither of these, however, 1s correct. To obtain the correct

transformation, put: ]

L D ey e - r——— v

RV
where c 1s, as always, the velocity of ight. Then:
x'=p(x — vt)

t’=-—-ﬁk(t =) | SUSIR (1).

For the other co-ordinates y’, 2/, we still have, as before:
Y=y, 7=z

Itisthe formule for " and ¢ thatare peculiar. These formule

contain, implicitly, the whole of the special theory of relativity.

The formula for x° embodies the FitzGerald contraction.
Lengths on either body, as estimated by an observer on the
other, will be shorter than as estimated by an observer on the
body on which the lengths are: the longer length will have to
the shorter the ratio f. More i1nteresting, however, is the
effect as regards time. Suppose that an observer on the body
S judges two eventsat x; and x, to be simultaneous, and both at
time . Thenan observer on S’ will judge that they occur at
times £,°, £, , where:

VX q

o =8(1- 25,
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and theretore:

UiXy — %)
251’ — 52’215 it -..:";ﬂ' pl

This 1s not zero unless x; =x,; thusin general events which are
simultaneous for one observer are not simultaneous for the
other. We cannot therefore regard space and time as inde-
pendent, as has always been done 1n the past. Ewven the order
of events in time 1s not definite: 1n one system of co-ordinates
an event A may precede an event B, while in another B may
precede A. This, however, is only possible if the events are
so separated that, no matter how we choose our co-ordinates,
light starting from either could not reach the place of the other

until after the other had occurred.
The Lorentz transformation yields the result that:

r3f3 _ xT—=03f"3 _ 42

Since ¥y =9’ and z =2z, we have:
c%t2 — (x? +12 +zs) —c2t'2 — (x'2 +_’}"2 +Z'z);

or, putting 7, #’ for the distances of the event from the two

observers:

This result is general—s.e. given any two reference-bodies in
uniform relative motion, if 7 1s the distance between two events
according to one system, 7’ the distance according to the other,
and if £, ¢ are the corresponding time-intervals between the
events, equation (2) will always hold. Thus c2%/2 — 72 represents
a physical quantity, independent of the choice of co-ordinates:
i1t 1s called the square of the “ interval’ between the two
events. There are two cases, according as 1t 1s positive or
negative. Whenitis positive, the interval between the events
1s called “ time-like ’; when negative, ** space-like.”” In the
intermediate case 1n which 1t 1s zero, the events are such that
one light-ray can be present at each. In this case, one event
might be the seeing of the other. The time-order of two events
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will be different in difierent reference-systems when their
interval i Space—like, but when 1t 1s time-like the time-order

< the same in all systems, though the magnitude of the time-

interval varies.

When the interval between two events is time-like, it is
possiblel for a body to move in such a way as to be present at
both events. In that case, the interval is what clocks on that
body will show as the time. When the interval between two
events is space-like, 1t 1s possible for a body to move in such a
way that, by 1ts clocks, the two events will be simultaneous;

in that case, the interval 1s what, in relation to that body,
appears 85 their distance. (In these remarks, we are taking
the velocity of light as the unit of velocity, whichis convenient
‘o relativity theory.) Both these are consequences of the
1 orentz transformation. From the first of them it follows
that, if two events both happen to me, the time between them
. measured by My watch (assuming it to be a good watch) is
the * interval - between them, and has still a physical signifi-
cance. Thus the time that is concermed in psychology is un-
2 ffected by relativity, assuming that everything that psycho-
logy is concerned with happens, from a physical point of view,
i the body of the person whose mental events are being
considered: This is an assumption for which grounds will be
givenata Jater stage.

I+ follows from the ambiguity of simultaneity between

distant events that we cannot speak unambiguously of “‘ ¢ke
distance between two bodies at a given time.” If the two
bodies are 1n relative motion, a * given time”’ will be different
for the two bodies and different again for other reference-

bodies. It follows that such a conception cannot enter into
the correct statement of a physicallaw. On this ground alone,

we can conclude that the Newtonian form of the law of gravita-
tion cannot be quiteright. Fortunately, Einstein has supplied

the pecessary correction.
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It will be observed that, as a consequence of the Lorentz
transformation, the mass of a body will not be the same when
1t 1s 1n motion relatively to the reference-body as when 1t 1s at
rest relatively toi1t. The mass of a body 1s inversely propor-
tional to the acceleration produced 1n 1t by a given force, and
two reference-bodies 1n uniform relative motion will give
different results for the acceleration of a third body. This 1s
obvious as a consequence of the FitzGerald contraction. The
increase of mass with rapid motion was known experimentally
before the special theory of relati\’;ity had explained 1t; 1t 1s
very marked for velocities such as those attained by g-particles
(electrons) emitted by radio-active bodies, since these velocities

may be as great as gg per cent. of the velocity of light. This
change of mass, like the FitzGerald contraction, seemed
strange and anomalous until the special theory of relativity
explained 1it.

One more point 1s important as showing how easily what
seems axiomatic may be false: 1t concerns the composition of

velocities. Suppose three bodies moving uniformly in the
same direction: the velocity of the second relatively to the

firstis v, that of the third relatively to thesecondi1s w. What
1s the velocity of the third relatively to the first ? One would
have thought i1t must be v +w, but in fact 1t 1s:

V +w

It will be seen that this < ¢; 1f v=c or w=c, 1t 1s ¢, otherwise
1t 1s less than ¢. This 1s an 1llustration of the way in which

the velocity of light plays the part of infinity in relation to
material motions.

The special theory set 1tself the task of making the laws of

physics the same relatively to any two co-ordinate systems 1n
umform rectilinear relative motion. There were two sets of

equations to be considered: those of Newtonian dynamics,



54 THE SPECIAL THEORY OF RELATIVITY

and Maxwell’s equations. The latter are unaltered by a
Lorentz transformation, but the formerrequire certain adapta-
tions. These, however, are such as experimental results had
already suggested. Thus the solution of the problem in hand
was complete, but of course 1t was obvious from the first that
the real problem was more general. There could be no reason
for confining ourselves to two co-ordinate systems in uniform
rectilinear motion; the problem ought to be solved for any two
co-ordinate systems, no matter what the nature of their rela-
tive motion. This 1s the problem which has been solved by

the general theory of relativity.



CHAPTER VI
THE GENERAL THEORY OF RELATIVITY

THE general theory of relativity has a much wider sweep than
the special theory, and a greater philosophical interest, apart
from the one matter of the substitution of space-time for space
and time. The general theory demands an abandonment of
all direct relations between distant events, the relations upon
which space-time depends being primarily confined to very
small regions, and only extended, where they can be extended,
by means of integration. All the old apparatus of geometry
—straight lines, circles, ellipses, etc.—i1s gone. What belongs
to analysis sttus remains, with certain modifications; and
there 1s a new geometry of geodesics, which has come from
Gauss's study of surfaces by way of Riemann’s inaugural
dissertation. Geometry and physics are no longer distinct,
so long as we are not considering the parts of physics which
introduce atomicity, such as electrons, protons, and quanta.
Perhaps even this exception may not long remain. There are
parts of physics which, so far, lie outside the general theory of
relativity, but there are no parts of physics to which 1t 1s not
1n some degree relevant. And i1ts importance to philosophy
i1s perhaps even greater than its importance to physics. It
has, of course, been seized upon by philosophers of different
schools as affording support to their respective nostrums;
St. Thomas, Kant, and Hegel are claimed to have anticipated
1t. But Il donot think that any of the philosophers who make
these suggestions have taken the trouble to understand the
theory. For my part, I do not profess to know exactly what
its philosophical consequences will prove to be, but I am con-

vinced that they are far-reaching, and quite different irom
33
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what they seem to philosophers who are ignorant of mathe-
matics.

In the present chapter, I wish to consider Einstein’s theory
without any regard to its philosophical implications, simply as
a logical system. The system starts by assuming a four-
dimensional manifold having a definite order. The form
which this assumption takes is somewhat technical: it is
assumed that, when we have what might be called an ordinary
set of co-ordinates—e.g. those which would naturally be
employed in Newtonian astronomy-—there are certain trans-
formations of these co-ordinates which are legitimate, and
certain others which are not. Those which are legitimate are
those which transform infinitesimal distances into infinitesimal
distances. This means to say that the transformations must
be continuous. Perbaps what 1s assumed may be stated as
follows: Given a set of points p,, 4,, 24, . . . whose co-ordinates
tend towards a limiting set which is the co-ordinates of a
point p, then in any new legitimate co-ordinate system those
points p,, p,, 4., ... must have co-ordinates tending to a
limiting set which is the co-ordinates of $ in the new system.
This means that certain rela